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Abstract
In previous studies where a tightly focused beam

is scattered by a spherical particle, either the experimental
conditions were such that evanescent components were
absent from the angular spectrum of the beam, or if they
were present, it was assumed that their contribution to
scattering was small and could safely be ignored.  In this
presentation the contribution of the evanescent
components is explicitly considered and the validity their
neglect is assessed.  It is found that angular spectrum
components just inside the evanescent regime may, under
certain circumstances, have a minor but noticeable
influence on either the scattered intensity or the trapping
force on a spherical particle when it is near the wall of the
sample cell.

1. Introduction
When a monochromatic electromagnetic beam

propagating in the z direction and having wavelength λ
and wave number k=2π/λ is incident on a spherical particle
of radius a and refractive index N, the interaction of the
beam with the particle produces outgoing scattered waves.
The fields of the incident beam can be written [1] as a sum
of transverse electric (TE) and transverse magnetic (TM)
spherical multipole waves Mn,m(kr) and Nn,m(kr),

E(r) = ∑ ∑ in (-1)m {π(2n+1)(n+m)! / [n(n+1)(n-m)!]}1/2

n m
x [-i gTEn,m Mn,m(kr) – gTMn,m Nn,m(kr)]

cB(r) = ∑ ∑ in (-1)m {π(2n+1)(n+m)! / [n(n+1)(n-m)!]}1/2

n m
x [ i gTMn,m Mn,m(kr) – gTEn,m Nn,m(kr)] (1)

where gTEn,m and gTMn,m are the shape coefficients of the
incident beam, n is the integer partial wave number with
1≤n<∞, and m is the integer azimuthal mode number with
-n≤m≤n.  The spherical mutipole wave Mn,m(kr) is
proportional to [1] the transverse vector spherical
harmonic Xn,m(θ,φ), and Nn,m(kr) is proportional to a
combination of the radial and transverse vector spherical
harmonics Yn,m(θ,φ) and Zn,m(θ,φ).  In generalized Lorenz-
Mie theory, the outgoing scattered waves may also be
decomposed into a sum of TE and TM spherical multipole
waves.  The weighting factor of each scattered partial
wave is [2]

GTEn,m = gTEn,m bn

GTMn,m = gTMn,m an , (2)

where an and bn are the partial wave scattering
amplitudes of Lorenz-Mie theory for an incident plane
wave.  Given the functional form of the fields of the
incident beam, the shape coefficients may be calculated by
inverting Eqs.(1),

gTEn,m = -(-i)n+1(-1)m {n(n+1)(n-m)!/[π(2n+1)(n+m)!]}1/2 [1/jn(kr)]
π              2π

x ∫ sin(θ) dθ ∫ dφ X*n,m(θ,φ) . E(r,θ,φ)
0 0

gTMn,m =  (-i)n+1(-1)m {n(n+1)(n-m)!/[π(2n+1)(n+m)!]}1/2 [1/jn(kr)]
π               2π

x ∫ sin(θ) dθ ∫ dφ X*n,m(θ,φ) . cB(r,θ,φ) . (3)
0 0

Over the years, much effort has gone into calculating
gTEn,m and gTMn,m for a number of transversely localized
beams, most notably for various models of a nominally
Gaussian beam.

2. Background
There are other beam possibilities, however.  For

example consider the yz plane being an interface between
glass with refractive index N1 for x<0 and air with
refractive index N2 for x>0.  If a single plane wave in the
glass were incident on the interface past the critical angle
for total internal reflection, an evanescent wave that is
oscillatory in the z direction and damped in the x direction
is created in the x>0 half-space.  If a spherical particle were
located a within few wavelengths of the N1/N2 interface in
the air at the coordinates (x0, 0, 0), the evanescent wave
incident on it produces oscillatory scattered waves.  This
situation has been treated in detail by a number of authors
[3].  The evanescent wave may be interpreted as a linearly
polarized plane wave whose propagation direction makes
the angle θk=0+iδ with respect to the z axis, so that
cos(θk)=cosh(θk)+0i .  The beam shape coefficients in this
case are expressed in terms of associated Legendre
functions Pnm[cos(θk)] of a complex argument [4].  The
complex cos(θk) plane for these functions contains a cut
along the Re[cos(θk)] axis extending from -∞<cos(θk)≤1.
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These associated Legendre functions are discontinuous
from immediately above the cut to on the cut itself, and
from on the cut to immediately beneath it.  Fortunately,
the complications associated with the cut in the complex
plane are avoided for this geometry.  The price to be paid
for this, however, is that the scattering particle is off-axis
with respect to the beam, so that all azimuthal modes m
contribute to the scattered wave.

This presentation reports the calculation of gTEn,m and
gTMn,m for a different evanescent wave geometry.  Consider
a plane wave or a mildly focused Gaussian beam
propagating in the z direction and incident on a high
numerical aperture (NA) microscope objective lens of
refractive index N1 which is optically connected to a
microscope cover slip by an index matching oil.  A sample
cell containing either water or air of refractive index N2 is
in the converging region of the beam on the other side of
the cover slip.  This is the standard geometry for laser
tweezers applications [5].  The center of the scattering
particle is taken to be at the origin of coordinates, and the
paraxial focal point of the beam is located at (x0, y0, z0) with
z0>0.  If the numerical aperture of the microscope objective
lens is suitably large, the angular spectrum of the beam in
the sample cell incident on the particle contains both
oscillatory components with 0≤θk≤π/2 and evanescent
components with θk=π/2-iε.  For this geometry cos(θk)=0+i
sinh(ε), which lies on the imaginary axis immediately
above the cut in the complex plane.  Thus much care in
this evanescent wave geometry must be exercised in
dealing with the associated Legendre functions in the
complex plane. The advantage of this geometry, however,
is that if x0=y0=0, the beam is on-axis with respect to the
scattering particle and only the m=±1 azimuthal modes will
contribute.

3. Calculation of the Beam Shape Coefficients
The angular spectrum of the incident beam [6] will in

general contain plane wave components having all
propagation angles θk (complex) and φk (real), and all
polarization directions γ.  The shape coefficients gTEn,m(θk,
φk, γ) and gTMn,m(θk, φk, γ) for an arbitrary component in the
spectrum of a beam was calculated in the following way.
First, the fields of a plane wave in the angular spectrum
having amplitude E0, propagating in the z direction, and
polarized in the xy plane at the angle γ with respect to the
x axis, was rotated to the arbitrary θk, φk direction.  The
exp(ik.r) phase factor of the rotated plane wave was then
expanded in terms of spherical Bessel functions jn(kr),
spherical harmonics of the coordinate space angles
Ynm(θ,φ), the azimuthal dependence of the plane wave
component exp(imφk), and associated Legendre functions
Pnm[cos(θk)] of the complex angle θk.  These fields were
then substituted into Eqs.(3), the integrals were performed,
and a number of symmetry and recursion properties of
associated Legendre functions of a complex argument

were used to simplify the result.  The shape coefficients of
the component were found to depend on the angular
functions of the complex argument z,

Πnm(z) = S Pnm(z) / (1 – z2)1/2

Tnm(z) = - S (1 – z2)1/2 (d/dz) Pnm(z) (4)

where

S = (-1)m if z is real and -1≤z≤1
(- i)m if z is imaginary and Im(z)>0
(i)m if z is imaginary and Im(z)<0   . (5)

These functions are continuous across the cut in the
complex plane, thus insuring that as the angle θk in the
angular spectrum of the beam continuously varies from
real to complex values, gTEn,m(θk, φk, γ) and gTMn,m(θk, φk, γ)
are also continuous functions of θk, despite the
discontinuity of Pnm[cos(θk)] across the cut. They thus
provide the analytic continuation of the beam shape
coefficients from real angles θk to complex angles.

If the two-dimensional Fourier transform of the incident
beam in its paraxial focal plane has the simple form

F(ρk, φk) = V(θk) ux (6)

where ρk=k sin(θk), the m=1 shape coefficients of the
beam a distance Δ into the sample cell reduce to

∞
gTEn,1 = -i/[2π n(n+1)] ∫ [ρk dρk / cos(θk)]

0
x exp[iN2kΔ cos(θk)] V(θk)
x {Πn1[cos(θk)] + cos(θk) Tn1[cos(θk)]}

∞
gTMn,1 =  1/[2π n(n+1)] ∫ [ρk dρk / cos(θk)]

0
x exp[iN2kΔ cos(θk)] V(θk)
x {cos(θk) Πn1[cos(θk)] + Tn1[cos(θk)]} (7)

The expressions for the only other non-zero beam shape
coefficients gTEn,-1 and gTMn,-1 are similar.  If F(ρk, φk) has
both an x component and a y component, which is more
realistic for the laser tweezers geometry [7], Eqs.(7) become
only slightly more complicated.  The same holds true for
the shape coefficients of a tightly focused freely diffracting
beam, such as the remodeled fifth-order Davis Gaussian
beam.  The major difference for the evanescent
components in this geometry is that cos(θk) lies below the
cut in the complex plane in the converging portion of the
beam before focus, while it lies above the cut in the
diverging portion of the beam after focus.  In Eqs.(7), the
phase factor exp[iN2kΔ cos(θk)] indicates that when the
particle is more than a few wavelengths from the wall of
the sample cell, the contribution of the evanescent
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components generated at the wall are rapidly damped and
can safely be ignored.

As long as cos(θk) is real, both Πn1 and Tn1 are
oscillatory in θk in the integrand of Eqs.(7). But in the
evanescent regime when cos(θk)=i sinh(ε), both Πn1 and Tn1

are asymptotically exponentially rising as a function of ε.
Deep in the evanescent regime when ε is large, this
increase will be more than compensated for by both the
rapid decrease in the Fourier transform V as a function of
ε, the and the much faster than exponential decay of the
damping factor exp[-N2kΔ sinh(ε)]. These effects rapidly
damp out the integrands for large ε in the integral of
Eqs.(7), and give no appreciable contribution to the beam
shape coefficients. On the other hand, just inside the
evanescent regime when ε is small, Πn1[i sinh(ε)] and Tn1[i
sinh(ε)] are nonzero and roughly independent of ε for odd
n and even n, respectively.  The Fourier transform V is
roughly constant in ε, and the damping factor falls off only
exponentially. This slower damping may, especially when
the scattering particle is within a few wavelengths of the
sample cell wall, produce a noticeable contribution of the
small-ε evanescent waves to the beam shape coefficients
gTEn,±1 and gTMn,±1. Similar conclusions were found for a
different, much simpler evanescent wave system in [8].
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